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8UENDER  BODIES  OF  SEVOLUTION  HAVDK} 
MINIMIM  TOTAL  DRAG  AT  HTFESSCMIC  SPEEDS 
by 

ANGELO  and  DAVID  G.  HDLL^**^ 


SUWART 

This  paper  considers  the  problem  of  minimising  the  total  drag  (sum 
of  the  pressure  drag  and  the  friction  drag)  of  a  slender,  axisymmetrio 
body  at  zero  angle  of  attack  in  hypersonic  flow  under  the  assumption  that 
the  distribution  of  pressure  coefficients  is  Newtonian  and  that  the  friction 
coefficient  is  constant#  After  the  condition  that  the  pressure  coefficient 
be  nonnegative  is  accounted  for,  the  problem  is  solved  for  arbi¬ 

trary  conditions  imposed  on  the  diameter,  the  length,  and  the  volume  under 
the  assumption  that  the  wetted  area  Is  free#  It  is  shown  that,  if  con¬ 
venient  dimensionless  coordinates  are  employed  (that  is,  if  the  abscissa 
and  the  ordinate  are  normalized  with  respect  to  the  length  and  the  semi- 
thickness),  the  totality  of  extremal  arcs  is  composed  of  a  two-parameter 
family  of  solutions#  £ach  extremal  are  involves  at  most  two  corner  points 
and,  hence,  three  subarcs:  one  of  these  is  characterized  by  a  positive 
pressure  coefficient  and  is  called  the  regular  shape;  the  other  two  are 
characterized  by  a  zero  pressure  coefficient  and  are  called  the  zero-slope 
shapes^  ihus,  four  classes  of  bodies  can  be  identified:  (I)  bodies  ccm- 
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Research  Laboratories# 
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poaed  of  a  regular  shape  onlji  (II)  bodies  composed  of  a  spike  followed 
by  a  regular  shape,  (III)  bodies  composed  of  a  regular  shape  followed  by  a 
cylinder,  and  (IV)  bodies  composed  of  a  spike  followed  by  a  regular  shape 
followed  by  a  cylinder* 

Particular  attention  is  devoted  to  solutions  for  which  one,  two,  or 
three  of  the  quantities  under  consideration  are  prescribed*  If  only  one 
quantity  is  given  (the  diameter  or  the  volume),  the  extremal  arc  consists 
of  a  single  subarc  of  class  I  regeirdless  of  the  friction  coefficient*  If 
two  geometric  quantities  are  given  (the  disuneter  and  the  length,  the  diameter 
and  the  volume,  or  the  length  and  the  volume),  a  one^parameter  family  of  ex* 
tremal  arcs  exists  which  involves  at  most  two  subarcsi  the  associated  pa* 
rameter,  called  the  friction  parameter,  is  proportional  to  the  cubic  root 
of  the  friction  coefficient  and  is  related  to  the  quantities  which  are  pre¬ 
scribed*  Finally,  if  three  geometric  quantities  are  given  (the  diameter, 
the  length,  and  the  volume),  a  two-pareuoeter  family  of  extremal  arcs  exists 
which  involve  at  most  three  subeurcs;  these  parameters,  csdled  the  friction 
and  the  shape  parameters,  are  related  to  the  friction  coefficient  and  the 
geometric  quantities  which  are  prescribed*  For  each  of  the  cases  considered, 
amlytical  expressions  are  derived  for  the  optimum  shape,  the  thickness 
ratio,  and  the  drag  coefficient* 
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U  IKTRODUCTIOH 

problM  of  idiilaising  tho  drag  of  alaadar  bodias  of  rarolutloa 
la  hyparsoaio  flow  baa  attraotad  conaidarabla  attantloa  in  raoaat  tiaas* 

With  particular  regard  to  the  praaaura  drag^  gaaaralisad  aolutioaa  have 
bean  obtained  in  Haf*  1  under  the  aaaua^tion  that  the  preaaura  diatributioa 
ia  Newtonian  and  that,  among  the  geometrical  quantitiea  being  conaidered 
(the  diameter,  the  length,  the  watted  area,  andihe  volume),  two  are  pra*» 
acribed  and  the  remaining  two  are  fraa«  These  aolutiona  have  been  extended 
in  Ref«  2  to  cover  the  caaa  %diare  three  of  theae  quantitiea  are  given  and 
only  one  ia  free« 

While  the  investigationa  of  Refs#  1  and  2  neglected  the  friction  drag, 
it  ahould  be  noted  that  there  exiat  practical  valuea  of  the  thlckneaa  ratio 
for  which  the  friction  drag  may  have  the  aame  order  of  maignitude  aa  the 
pressure  drag*  Therefore,  it  ia  of  intereat  to  reinvestigate  the  problem 
of  the  optimum  slender  shape  from  the  point  of  ^ew  of  minimizing  the  total 
forebody  drag,  that  ia,  the  sum  of  the  pressure  drag  and  the  friction  drag* 

For  the  case  where  the  diameter  and  the  length  are  prescribed,  previous 
investigations  were  cai'ried  out  by  Kennet  (Ref*  3)  assuming  that  the  friction 
coefficient  ia  constant  and  by  Miele  and  Cole  (Ref*  4)  assuming  that  the 
distribution  of  friction  coefficients  along  the  contour  is  represented  by  a 
power  law*  A  more  generail  problem  consists  of  minimizing  the  total  drag  for 
any  number  of  conditions  imposed  on  the  diameter  d,  the  length  i,,  the  wetted 
area  S,  and  the  voliuoe  V*  This  is  the  problem  considered  in  the  present  re« 
port  in  connection  with  the  following  assumptions t  (a)  the  body  is  slender 
and  has  a  circular  cross-sec tion|  (b)  the  distribution  of  pressure  eoefficents 
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!•  N«wteai«B|  and  (o)  tha  firletion  ooaffloiant  is  constant  along  tbs  contour* 
Ihs  oorrssponding  two-dlmsnsionMl  problsa  is  analyesd  la  Rsf.  9  for  any 
nunbsr  of  oondltlona  Impoasd  on  ths  thiokasas*  ttas  Isngth,  ths  snolossd 
arsa*  and  ths  aloasnt  of  insrtia  of  ths  contour* 
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2,  MIHIMBH  DRAG  PROBIJM 

Consider  a  body  of  rovolutlon  at  saro  anglo  of  attaok  in  a  byparsonlo 

flow,  and  denote  by  x  an  axial  coordinate,  y  a  radial  coordinate,  and  f 

•2 

the  derivative  dy/dx*  Obder  the  slender  body  approxination  y  «  1,  the 
assumed  Newtonian  distribution  of  pressure  eoeffioients  simplifies  to 

*  2y^.  Consequently,  the  drag  of  that  portion  of  the  body  which  is  in¬ 
cluded  between  stations  0  and  x  is  given  by 


D(x) 


(1) 


where  C^  is  the  friction  coefficient,  assumed  constant*  The  corresponding 
values  of  the  wetted  area  and  the  volume  are  given  by 


S(x)  ■  2n 


V(x) 


2  m 

7  dx 


(2) 


After  the  definitions 


Of  ■ 


f 


(3) 


are  introduced  |  differentiation  of  both  sides  of  Sqs*  (1)  and  (2)  ifith  re¬ 
spect  to  the  independent  variable  leads  to  the  following  differential  con¬ 


straints  t 
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ji  -  y  -  0 


Y  -  y  -  0 


Since  the  requirenent  that  the  slope  be  nonnegative  everywhere  can  be  ex¬ 
pressed  as 


y  -  P  -  0 


tdiere  p  denotes  a  real  variable,  the  differential  system  oomposed  of  Eqs*  (4) 
and  (?)  involves  one  independent  variable  (x),  five  dependent  variables 
(y,  or,  B«  Y*  P)«  <’***  degree  of  freedom.  In  this  oonneotlon,  after  as¬ 

suming  that 


*1  ■  ■  ”i  ■  *1 '  ^  ■ 


and  that  some,  but  not  all,  of  the  remaining  state  variables  are  given  at 


the  final  point,  one  can  formulate  the  miniaum  drag  problem  as  foUowst 


In  the  class  of  functions 


x)  which  are  conaietent 


with  the  differential  constraints  (4)  and 
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3*  NECESSARY  COWDITIOHS 

!ni6  previous  problem  is  of  the  Nsyer  type  with  separated  end  conditions* 
Consequently,  after  the  Lagrange  multipliers  through  are  introduced 
and  the  fundamental  function  is  written  as  (Refs*  6  and  7) 


+  X2(P  -  y)  +  Xj(y  -  y^)  ♦  x,^(y  -  p^) 


(7) 


the  extremal  arc  is  described  by  the  following  Euler-Lagrange  equations s 

S  "  -  h(^  ^  '  ^2  " 


Xj^  -  0 


X2  ■  0 


(8) 


X3.0 


the  second,  third,  and  fourth  of  which  can  be  integrated  to  give 


*  ^2  ■  °2  ♦  ^3  “  ®3 


(9) 


where  C^,  C^t  and  are  constants*  Furthermore,  after  it  is  observed  that 
the  fundamental  function  does  not  contain  the  independent  variable  explicitly 
and  after  Eq*  (8-5)  is  accounted  for,  the  following  first  integral  can  be 


established  t 
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CgT  ♦ 


-  C 


(10) 


wh«re  C  la  a  oonatant* 

Corner  oondltiona#  Aa  the  fifth  Suler  equation  indioateSf  the  ex¬ 
tremal  arc  ie  cooqpoaed  of  the  aubarca 

»  0  and/or  p  »  0  (11) 

Along  the  former  aubaroaf  called  regular  ahapeat  the  preaaure  coefficient 
ia  alwaya  poaitlve  as  long  aa  p  is  real*  Along  the  latter  aubarca,  called 
naro-alope  ahapea*  the  preaaure  coefficient  ia  always  aero*  The  Junction 
between  the  subarea  must  be  studied  with  the  aid  of  the  Srdmann-Weieratraaa 
corner  conditions*  They  require  that  each  of  the  integratimi  constants 

C  has  the  same  value  for  all  the  aubarca  compoaing  the  extremal 

arc  and  that 


A(y^)  *  -  3Gj^yy^)  ■  0 


(12) 


^ere  A(»*«)  denotes  the  difference  between  quantities  evaluated  after  the 
comer  and  before  the  comer*  These  equations  admit  two  sets  of  solutions 


y>0,  AX|^«0,  ^-0 

y  ■  0  ,  AX|^  -  0 


(13) 


^^^Gq*  (12-1)  ie  a  consequence  of  the  first  integral  (10)  and  the  con¬ 
tinuity  of  the  integration  constants* 
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■eaaing  that  the  transition  froei  one 
discontinuitj  in  the  slope  away  from 
with  a  discontinuity  in  the  slope  on 
and  (13)  are  combined ^  the  following 
both  sides  of  a  corner  point: 


subaro  to  another  occurs  without  a 
the  axis  of  qynmetry  but  may  occur 
the  axis  of  symmetry*  If  Eqs«  (11) 
relations  can  be  shown  to  hold  on 


y>Ot  y«0 

y  -  0  ,  -  0 


(14) 


End  conditions*  The  end  conditions  are  partly  of  the  fixed  end-point 
type  and  partly  of  the  natiiral  type*  The  latter  iBUst  be  determined  from  the 
transversality  condition 


[- 


C  dx  (C^  +  1)  do  +  C^dP  +  Cjdy  (X|^ 


(15) 


which  must  be  satisfied  for  every  system  of  differentials  consistent  %dth 
the  prescribed  end  conditions;  in  particular,  it  implies  that  ■  -  1* 

If  the  length  is  free,  the  transversality  condition  yields  C  «  0*  On 
the  other  hand,  if  either  the  wetted  area  or  the  volume  is  free,  the  trans¬ 
versality  condition  leads  to  C2  "  0  or  «  0,  respectively*  Finally,  if 
the  diameter  is  free,  the  transversality  condition  leads  to 

*  3yy^)f  -  0  (16) 


which,  if  combined  with  the  Euler-Lagrange  equation  (8-3) «  implies  that 
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(17) 


ConcMiquentlyi  if  d  ■  2y^  d«notea  the  diameter,  the  first  integral  (10) 
yields  the  additional  relationship 


C  ♦  C, 


?  -  °2  §  -  °3 


At  this  pointy  it  le  convenient  to  eeparate  the  discuesion  into  two 
baeio  problemet  problema  where  the  wetted  area  ie  given  and  probltma  where 
the  wetted  area  ia  free*  Aa  Eqs*  (1)  and  (2-1)  ahow,  problena  of  the  firat 
kind  are  characterized  by  the  fact  that  the  friction  <irag  ia  independent  of 
the  ahape  ao  that  the  contour  vdiich  mininizes  the  total  drag  ia  identical 
with  that  which  ninimizea  the  preaaure  drag*  Since  ahapee  of  minivum  pree- 
aure  drag  have  been  fully  diaouaaed  in  Ref  a*  1  and  2,  these  problena  are 
not  considered  here*  Thuat  the  analysis  is  restricted  to  problems  of  the 
second  kindy  in  which  the  wetted  area  is  free*  This  class  of  problems  con- 
taine  several  subclasses  which  depend  on  the  number  of  quantities  that  are 
specified  (oney  twoy  or  three)*  For  these  psroblemsy  simple  manipulations 
lead  to  the  results  which  are  summarized  in  Thble  1  where  two  types  of  re¬ 
lations  are  indicated t  those  obtained  from  the  tranaveraality  condition 
and  those  obtained  by  combining  the  results  of  the  tranaveraality  condition 
with  the  Euler-Lagrange  equation  (8-3)  and  the  first  integral  (10)* 

Legendre-Clehsoh  condition*  The  Legendre-Clebsch  condition  indicates 
that  the  drag  is  a  minimum  if  the  following  inequalities  are  satisfied  every- 
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wh«r«  along  tho  axtranal  arc: 

y  >  0  9  along  the  regular  ahapo 
^  0  9  along  the  aero-alope  ahape 


(19) 


Switching  function »  IVom  the  prewioua  diaousaloni  it  appears  that  the 
Lagrange  multiplier  X|^  plays  an  important  role  in  determining  the  composi¬ 
tion  of  the  extreomil  arc*  If  the  terminology  of  control  theoary  is  employed 9 
this  multiplier  can  be  called  the  switching  function;  its  properties  are 
as  follows: 


X^  s  0  9  along  the  regular  shape 

X|^  <  0  9  along  the  zero-slope  shape 

X4  *  0  9  at  a  comer  point 


(20) 
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OE<»g!roY  or  toe  extremal  arc 

la  tha  pr«Tloua  saotion,  the  necessary  conditions  to  be  satisfied  by 
the  extreoal  arc  have  been  stated*  In  this  section*  several  general  oonae> 
quenoes  of  these  eqwtlons  are  derived,  referring,  for  the  sake  of  brevl^, 
to  the  ninij&ua  drag  problem  (C^  1)  with  the  wetted  area  unspecified 

(C2  0)*  In  order  to  facilitate  the  analysis,  the  following  dimensionless 

coordinates  see  Introduced! 

?  -  Vf  .  T)  •  2y/d  (21) 

together  with  the  definitions 

»  4c/dCj  ,  Kj  -  Cjd/Cj  (22) 


With  these  coordinates,  the  first  integral  (10)  reduces  to  the  form 


^  rf' ■  Iti  .  n 


(23) 


where  r  •  d/i  denotes  the  thickness  ratio  and  T)  the  derivative  dT/d^* 

Basic  ine(^uatlitie8*  Ae  application  of  the  first  integral  at  the  end 
points  of  the  extremal  arc  indicates  that  the  terminal  values  of  the  slope 
are  given  by 
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(24) 

1/3 

(K^  ^  1  .  Kj)^ 

and,  consequently,  are  nonnegative  providing  the  following  basic  inequalitiea 
are  satisfied  s 


K^>0  ,  K^^l-Kj>0  (25) 

Incidentally,  the  optimum  shape  is  blunt-nosed  if  >  0  %diile  it  may  be 
sharp-nosed  if  »  0* 

Switching  function o  Since  each  extremal  arc  may  involve  more  than  one 
BUbarc,  it  is  of  paramount  importance  to  calculate  the  distribution  of  the 
switching  functioni  in  nondimensional  form,  this  function  can  be  defined  as 

For  the  regular  shape,  it  is  known  that  a  ■  0«  For  the  zero-slope  shape « 
it  is  known  that  T|  ■  0  and  1]  a  const#  Consequently,  the  Buler-Lagrange 
equation  (8-1)  reduces  to 


a  «  1  -  2KjT| 


(27) 
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trtiloh,  in  the  light  of  the  end  condition  (20-3) i  admite  the  partioular  inte¬ 
gral 


o  -  (1  -  2KjT^)  (?  -  ?g)  (28) 

In  which  the  aubsorlpt  c  refere  to  a  corner  point* 

Sequence  of  nubaroe*  In  order  to  detemine  the  appropriate  sequence 
of  subarcsi  It  is  necessary  to  decide:  (a)  whether  a  comer  point  between 
a  regular  shape  and  a  nero-slope  shape  can  occuri  and  (b)  what  the  lOaximuBi 
number  of  comer  points  is«  Concerning  the  first  questionf  the  comer  con¬ 
ditions  (l4)  and  the  first  integral  (23)  show  that  the  transition  from  a 
regular  shape  to  a  sero-slope  shape «  and  vice  rersa,  is  possible  if  the  fol¬ 
lowing  relationship  is  satisfied: 

Kl  +  \  -  0  ^29) 

With  regard  to  the  aeoond  quostioOf  Eq*  (28)  ahowa  that,  alnoa  tha  awitoblng 
function  varlaa  linearly  with  the  abaeiaaa  along  the  zero-alope  ahape,  It 
can  only  vanlah  at  one  point  of  each  sero-alope  ahape*  Due  to  Eq*  (20-3) i 
this  point  muat  be  the  comer  point  between  the  regular  ahape  and  the  zero- 
alope  ahape*  Hila  meana  that  (a)  the  regular  ahape  may  be  preceded  or  fol¬ 
lowed  by  no  more  than  one  zero-alope  ahape  and  (b)  the  equationa  of  the  zero- 
alope  ahapea  can  only  be  1)  ■  0  ani/or  1)  -  1*  Furthermore,  beoauee  of  Eq*  (29) 
and  the  propertiea  of  the  ewitohing  function,  the  preaence  of  zero-alope 
ahapea  requlrea  that 
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j  4  1  -  Kj  -  0 
U  -  2lCj  i  0 


(30) 


Since  no  more  than  two  corner  points  and  three  eubares  can  exist,  the  to* 
tality  of  extrenal  arcs  consists  of  four  classes  of  bodiest  (I)  bodies 
composed  of  a  regular  shape  only,  (II)  bodies  composed  of  a  spike  followed 
by  a  regular  shape,  (III)  bodies  composed  of  a  regular  shape  followed  by  a 
cylinder,  and  (IV)  bodies  composed  of  a  spike  followed  by  a  regular  shape 
followed  by  a  cylinder.  These  bodies  are  represented  symbolically  by 


Class  I:  a 
Class  lit 
Class  lilt  9 
Class  IV:  1\ 


0 

0  “•  <j  »  0 

0  -  71  «  1 

0  -*  a  s  0 


1 


(31) 


Family  of  solutions#  Since  the  most  general 
of  class  IV,  Its  geometry  can  be  described  by  the 


type  of  extremal  arc  is 
equations 


0  s  <  ?o  • 


?o  ^  ^ 

« 1 » 


T1  ■  0 

!  -  5,  C 

^  r  ♦  H  -  dTI 

“'o 

- 1 


(32) 
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whdr*  and  danoto  tha  abaolaaaa  of  tha  two  possibla  transitioti  poiata* 
Bodlaa  of  olaaa  I  can  ba  obtainad  ftroa  bodiaa  of  elaaa  ZV'  by  maans  of  tha 
fornal  aubatltution  ^  An  analogoua  ramark  holda  for  bodiaa 

of  elaaa  II  whara  ^  ^Bd  for  bodiaa  of  elaaa  III  whara  ■  0*  It 
ahould  ba  notad,  howavar,  that  tha  eomar  ooodltiona  naad  not  b<i  aatlafiad 
at  thaaa  apaeial  pointa*  In  a  functional  fore,  Eqa*  (32)  can  ba  rawrittan 
aa 

D  •  D(5.  Sj.  K^,  Kj)  (33) 

ao  that,  aftar  thla  aquation  ia  ooebinad  with  any  ona  of  tha  following  aata 
of  ralationat 


Claaa 

It 

5^-0, 

5l- 

Clasa 

lit 

-  0  , 

^1  ■ 

Claaa  IIIi 

■ 

O 

*1^ 

Class 

IVt 

Kj  -  0  , 

(34) 


it  in  aaan  that  a  two  paramatar  family  of  optimum  bodiaa  axiata* 

For  particular  typaa  of  boundary  eondltiona,  oonaidarabla  almplifioa- 
tlona  ara  poaaibla*  ^ua,  if  tha  langth  ia  fraa  (K^  ■  0)  or  tha  Toluma  ia 
firaa  (K^  "0),  tha  numbar  of  indapandant  paramatara  ia  raduoad  by  ona*  An 
analogoua  ramark  holda  for  tha  oaaa  whara  tha  diamatar  ia  fraa,  ainea 

-f  1  ■  K^*  In  ooncluaion,  tha  numbar  of  indapandant  paramatara  govamlng 
tha  aolution  dapanda  on  tha  numbar  of  gaomatrio  quantltiaa  othar  than  tha 
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watted  area  which  are  preaeribed*  If  three  quantities  are  prescribed  | 
the  problem  admits  a  two-parameter  family  of  solutions*  If  two  quantities 
are  prescribed,  the  problem  admits  a  one-parameter  family  of  solutions* 
Finally,  if  only  one  quaintity  is  prescribed,  the  problem  admits  a  zero- 
parameter  family  of  solutions,  that  is,  the  geometry  of  the  extremal  arc 
in  the  ^D-plane  consists  of  a  single  curve  regardless  of  the  value  of  the 
ftrlction  coefficient*  In  this  connection,  the  dimensionless  boimdary  con¬ 
ditions  are  indicated  in  Table  2  along  with  the  dimensionless  switching 
function  at  the  final  point,  the  slope  of  the  extremal  arc  at  the  final 
point,  and  the  number  of  independent  parameters  governing  the  solution. 
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5.  SOLOTION  or  !llg!  BOUNDARY  VALOE  PROBIJH 

Id  thlD  aeetloDi  a  gsneral  method  for  determinliig  the  imkaowiia  ap» 
pearing  in  Sqa*  (32)  la  preaented*  The  analyela  la  facilitated  If  aeeeral 
nondiaenalonal  integrala  are  introduced.  After  the  oubio  root  of  both 
aidea  of  Eq.  (23)  la  extractedi  the  Viuriablea  are  aeparatedy  and  an  lnte«> 
gratloD  over  the  reguxar  shape  la  performed,  the  following  result  la  obtainedi 

-T^  -  V^o*  h*  h*  ^^5) 


where 


T  ■  d/f  (36) 

denotes  the  thickness  ratio  amd  the  nondimenaioDal  Integral 

^d^?o*  ^1*  *!•  "  TVT  (  ^ 

^  Jo 

Furthemorei  by  simple  oaiiiipulGitionsi  the  wetted  area  and  the  toIum  can 
be  expressed  as 


Sr/nd^  -  Ig(5j,,  Kj) 

kVr/rid^  -  Iy(?^,  K^,  Kj) 


(38) 
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I 

I 

I 

I 

) 

i 


wh«r« 

T)  -  4T| 

h*  *1*  *3^  •  »  1  -  -  5^)  - - 

j  T|  -  dT| 

(39) 

^  J  T|  -  Kjlf  )”^  dll 

hK*  ?r  *^3^  “/  ^  -  5o>  71 - 

L  ^  ‘  Kjtf  )"^  dTl 

For  a  given  friction  coefficient ,  the  eyeten  conposed  of  the  eix  equations 
(34)  through  (36)  Md  (38)  involves  the  nine  quantities 

T,  d,  S|  Vt  %i9  K^*  Kj  (40) 

which  means  that  one  particular  optimum  body  can  be  determined  if  three  ad-> 
ditional  relationships  are  specified*  For  the  boundary  conditions  con* 
sidered  in  Table  2,  these  relationships  are  represented  by  any  one  of  the 
following  sets: 

d  •  Const  f  *0  ^  **  0 

V  -  Const  ,  m  0  ^  Kj  •  1 

d  ■  Const  9  Jt  •  Const  ^  K,  •  0 

^  (41) 

d  s  Const  ,  V  «  Const  9  ■  0 

i  «  Const  9  V  ■>  Const  9  4  1 

d  >  Const  9  f  «  Const  9  V  ■  Const 
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Dfag  coefficient*  After  the  boundary  value  problem  baa  been  solved, 
the  next  step  is  to  deteraine  the  drag  of  the  optloun  body*  This  drag  oan 
be  written  as 


D 


(42) 


where  1^^ 


denotes  the  dimensionless  Integral 


(43) 


Now,  ±t  the  drag  coefficient  is  referred  to  the  ft*ontal  area  at  x  «  f  (that 
iSf  if  Cp  ■  4D/ia|d  the  following  relationship  can  be  readilj  established 
between  the  drag  coefficient^  the  friction  coefficient^  and  the  thickness 
ratio: 


Notice  that|  if  both  sides  of  Eq«  (23)  are  multiplied  by  d^  and  Integrated 
oyer  the  entire  length  of  the  extremal  arC|  the  relationship 


25J  ^P  " 


(45) 
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can  be  establlahed*  Conaequentlyi  after  Eqa#  (35)  •  and  (4$)  are 

combined f  one  deduces  that 


”2 

T 


(Kj^  + 


5^8  - 


¥v> 


(46) 


Drag  ratio#  Another  interesting  characteristic  of  the  optimum  body 
is  the  drag  ratio  t  that  is,  the  ratio  of  the  friction  drag  to  the  total 
drag*  Because  of  Eq*  (44),  this  quantity  is  giTen  by 

- - i-2- —  (47) 

"“A  * 


which,  in  the  light  of  Eq*  (4^),  can  be  rewritten  as 


Sf  „ 


(48) 
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6*  PARTICOMR  CASBS 

In  the  previous  seotlons,  the  nilidjixaa  drag  problea  was  solved  fuaotlonally 
for  arbitrary  boundary  oondltionso  Herst  several  particular  oases  sure  oon* 
slderedt  and  the  associated  optlnua  shapes  are  calculated.  Three  classes 
of  probleas  are  oonsideredt  (a)  problems  in  which  only  one  geometric 
quantity  is  presoribedy  (b)  problems  where  two  geometric  quEmtities  are 
prescribed,  and  (c)  problems  where  three  geometric  quantities  are  prescribed. 

At  the  onset,  a  basic  lemma  relative  to  problems  with  the  length  unspecified 
must  be  stated!  Since  the  drag  of  a  spike  is  zero  regardless  of  its  length, 
one  can  take  any  extremal  arc  of  class  I  and  generate  from  it  an  infinite 
ntimber  of  equal  drag  solutions  of  class  II  by  adding  a  spike  of  arbitrary 
length  in  front.  Analogously,  one  can  take  any  extremal  arc  of  class  III 
and  generate  from  it  an  infinite  number  of  equal  drag  solutions  of  class  IV 
by  adding  a  spike  of  arbitrary  length  in  front.  Because  of  this,  whenever 
the  length  is  free,  only  solutions  of  class  I  and/or  class  III  are  considered. 

6.I.  Given  Diameter 

If  the  diameter  is  given  while  the  length  and  the  volume  are  free,  the 
transversality  condition  leads  to  ■  0.  Since  Eqs.  (3^-3)  and  (3^-4) 

are  net  satisfied,  there  exists  no  extremal  arc  belonging  to  either  class  III 
or  class  IV.  Furthermore,  since  the  length  is  free,  the  basic  lemma  applies! 
one  nay  disre^urd  "1^  equal  drag  solutions  of  class  II  and  search  for  a  basic 
extremal  of  class  I,  that  is,  involving  a  regular  shape  only. 

For  ■  0  aod  5^^  ■  1,  the  equation  of  the  regular  shape  (32-2)  can  be 
integrated  to  yield 
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n  -  ?  (49) 

which  means  that  the  optimum  body  is  a  cone.  Since  ■  1,  the  following 
value  is  obtained  from  Eq.  (35)  for  the  optimum  thickness  ratio t 

T  -  *  1.26  ^  (50) 

Furthermore!  since  Ig  «  l/Z,  Bq.  (46)  indicates  that  the  drag  coefficient 
per  unit  thickness  ratio  squared  is  given  by 


T 


(51) 


and  Bq*  (48)  implies  that  the  friction  drag  of  the  optimum  body  is  two- 
thirds  of  the  total  drag» 

6*2*  Given  Voliuae 

If  the  volume  is  given  while  the  diameter  and  the  length  are  freet  the 
transveraality  condition  leads  to  0,  Kj  «  1*  and  «  0.  Should  the 
zero-slope  shape  T|  «  1  exist,  the  switching  fimction  would  be  zero  at  both 
ends  of  this  subarc*  However,  because  of  Eq.  (28),  this  is  only  possible 
when  5^  *s  5^,  Since  the  length  of  the  zero-slope  shape  T)  ■  1  is  zero,  there 
exists  no  extremal  arc  belonging  to  either  class  III  or  class  IV#  Further¬ 
more!  siuce  the  overall  length  of  the  body  is  free,  the  basic  lemma  applies t 
one  may  disregard  all  equal  drag  solutions  of  class  II  and  search  for  a  baaio 
extremal  of  class  I,  that  is,  one  involving  a  regular  shape  only# 
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This  miqus  extresal  of  class  X  can  ba  found  by  substituting  ^  *  0  and 
■  1  into  Eq«  (32*^)  so  that,  upon  intagrationt  tha  aquation  of  tha  ragu- 
lar  ahapa  baoomas  (Fig«  1) 


H  -  1  -  (1  -  (52) 

Slnoa  1^  B  3/2f  Eq*  (33)  yialda  the  following  value  for  tha  optlaua  thick¬ 
ness  ratio I 


T  -  I  .  0.84 


(53) 


Finally,  slnoa  1^  -  3/5  and  ly  b  9/20,  Sq.  (46)  yields  the  following  nlnl- 
nun  drag  ooefficient: 


T 


and  Eq.-  (48)  inplies  that  the  friction  drag  of  the  optlaua  body  is  eight- 
ninths  of  tha  total  drag. 

6.3.  Given  Piamater  and  Length 

If  tha  diaaeter  and  the  length  are  prescribed  while  tha  voluae  is  free, 
tha  transvarsallty  condition  leads  to  b  o.  Extremal  solutions  of  class  IV 
do  not  exist  because  Eq.  (34-4)  is  violated.  Analogously,  axtraaal  solutions 
of  class  III  must  be  ruled  out  since  Eq.  (34-3)  la  solved  by  b  -  1  and 
this  is  incompatible  with  Inaq.  (25-1).  In  conclusion,  the  totality  of  ex- 
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trenal  arcs  is  rapresented  by  a  one-parameter  family  of  solutions  of  sithsr 
class  I  (regular  shape)  or  class  II  (spike  followed  by  a  regular  shape) 
depending  on  whether  the  friction  coefficient  is  smaller  or  larger  than  a 
certain  critical  value*  The  representation  of  the  results  is  facilitated 
by  introducing  the  friction  parameter 


K 


f 


(55) 


whichf  because  of  Eq*  (55)  as  well  as  the  condition  that  5^^  ■  1$  can  be 
rewritten  as 


■'t  ■ 


(5«) 


Bodies  of  clas6  I.  These  solutions,  which  were  originally  studied  by 
Kennet  (Ref,  3),  consist  of  a  regular  shape  only  and  are  obtained  for 
■  0  and  »  a  i  0.  After  Eq.  (32-2)  is  employed,  the  equation  of  the 
Optimum  shape  can  be  written  as 


f(Tl,  V 

5 


(57) 


where 


f(7|,  K^)-  Mi(Kj^  +  T))^  +-^log 


I^4„etan--^ 

S  2  T\ 


(58) 
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Furthermore^  beeeuae  of  Sqe*  (46)  and  (56) t  the  drag  ooeffioleat  and  the 
friction  parameter  become 


Q 

[  I  (1  +  -  K^fd,  K^)]  f^d.  K^) 

K,  -  fd,  Kj) 


(59) 


Ulniaatton  of  tho  paraaoter  Kj  from  thaaa  equatloaa  yiolde  tha  funotlonal 
ralatlonehipa 


T1  *  TlCSt  K^)  t  ^  ^ 

T  T 

which  arc  praseatad  in  Figa*  2  and  5  and  ara  valid  in  tha  intarval  0  s  <  1. 
Zaoidan tally,  tha  aolution  oorraspondiog  to  ■  0  ia  a  3/^‘‘POW9r  body  whila  the 
aolution  eorraapondlng  to  -  1  la  a  cona* 

Bodiaa  of  olaaa  II.  Thaaa  aolutioaa  conaiat  of  a  apika  followed  by  a 
regular  abapo  and  ara  obtained  for  0  <  jc  1  and  ■  0*  After  tha  ahapa 
of  tha  optloun  body,  tha  drag  ooaffieiaat,  and  tha  friction  paranatar  ara 
written  as 


1,-0 

Uo  <  ?  <  1  .  D -  ytt 


s 


T 


2(1 


(61) 
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ellAination  of  the  abaclsea  of  the  tranaition  point  from  theae  equationa 
leada  to  functional  relationahipa  of  the  form  (60)  which  are  plotted  in 
Figs#  2  and  J  and  are  valid  for  1  sC  ss  •#  It  ia  worth  noting  that  theae 
aolutiona  consist  of  spikes  followed  by  cones  with  the  transition  point 
moving  backwards  as  the  friction  parameter  increases# 


6#4o  Given  Diameter  aind  Volume 

If  the  diameter  and  the  volxune  are  given  vdiile  the  length  is  free^ 
the  tran6verB8j.ity  condition  leads  to  0#  Since  the  length  is  free, 
the  fundamental  lemma  indicates  that  one  should  disregard  all  equal  drag 
solutions  of  class  II  and  class  IV  and  search  for  the  one-parameter  family 
of  extremal  solutions  of  class  I  and  class  III  only#  These  solutions  occur 
when  the  friction  coefficient  is  smaller  or  larger  than  a  certain  critical 
value#  respectively#  Tlie  representation  of  the  results  is  facilitated  by 
introducing  the  thickness  and  friction  parameters 


K 


T 


(62) 


which9  because  of  Eqs#  (35)  ®>i^d  (38-2)  as  well  as  the  condition  that  5^  »  O9 
cam  be  rewritten  as 

Bodies  of  claae  I«  These  bodies  consist  of  a  regular  shape  only  and 
are  obtained  for  5^^  *  1  and  -  »  s:  s  1,  After  Eqs,  (32-2) »  (46),  and  (63) 
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ar*  eaployadi  the  optioua  shape  •  the  thiekness  parameter «  the  drag  ooef« 
ficienty  and  the  friction  parameter  can  be  rewitten  as 

1  -  (1  -  K,n)^^ 

?  ■  —  ■■■■ 

1  -  (1  - 

9  -  (51^  +  6K3  ♦  9)  (1  - 
1  .  (1  - 

(64) 

7  ■  [^  *  <5^  -  “'3  -  w)  <1  -  K,}^] 


Elimination  of  the  parameter  from  these  equations  yields  the  functional 
relationships 


T|  -  1K§,  K^)  , 


VKf) 


S 

T 

T 


S  V 
“5 

T 


(65) 


which  are  plotted  in  Figs.  4  throu^  6  and  are  valid  in  the  interval 
0  <  k  27/40.  Incidentally,  the  solution  corresponding  to  0  is  a 
5/2-powsr  body,  that  corresponding  to  ■  1^  is  a  oone,  and  that  correspond^ 
ing  to  ■  27/40  is  such  that  the  coaplements  of  the  absoissa  and  the  ordi«> 
nate  obey  a  5/2«power  law. 
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Bodies  of  claas  III»  These  solutions  consist  of  a  regular  shape 
followed  by  a  cylinder  and  are  obtained  for  0  <  ^  1  and  «  !•  After 

the  shape  of  the  optinum  body,  the  thickness  parameter,  the  drag  coefficient, 
and  the  friction  parameter  are  written  as 


elimination  of  the  abscissa  of  the  transition  point  leads  to  functional 
relationships  of  the  form  (6^)  which  are  plotted  in  Figs*  4  through  6  and 
are  valid  in  the  interval  27/40  ^  ^  In  closing,  it  is  worth  noting 

that  the  transition  point  shifts  forward  as  the  friction  parameter  increases. 


6,5«  Given  Length  and  Volume 

If  the  length  and  the  volume  are  given  while  the  diameter  is  free,  the 
transversality  condition  leads  to  1  and  «  0«  Should  the  sero«» 

slope  shape  1)  »  1  exist,  the  switching  fmiction  would  be  sero  at  both  ends 
of  this  subarc,  and  this  would  imply  that  Since  the  length  of  the 

zero^slope  shape  ■  1  is  zero,  there  exists  no  extremal  core  belonging  to 
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•ither  oltaa  III  or  elaaa  IV.  Coneaquently,  the  totality  of  axtraaal  area 
la  rapraaantad  by  a  oae-paraaatar  feually  of  aolutlona  of  alther  olaaa  I 
(ragular  afaapa)  or  elaaa  II  (aplka  followed  by  a  regular  ahapa)  dapeadlng 
OB  whether  the  friction  ooefflolent  la  analler  or  larger  than  a  oartala 
orltloal  value*  The  repreaentatlon  of  the  reaulta  la  facilitated  If  a 
thlokneaa  paraaeter  and  a  friction  parameter  are  Introduced.  Theae  pa- 
raaetera  are  defined  by 

\  -  iw  ^  •  •'f  "  Jw 

V 

and*  bacauaa  of  Eqa.  (33)  and  (38-2)  aa  wall  aa  the  condition  that  ■  li 
can  be  rewritten  aa 


*T  "  *1^  »  *f  - 


(68) 


Bodlea  of  olaaa  I*  Theae  aolutlona  oonalat  of  a  regular  ahape  only 
and  are  obtained  for  Cp  ■  0  and  •  >  a  0.  If  Eq*  (32«2)  la  employed  * 
the  optimal  ahape  can  be  rewritten  aa 


8(Tlf  V 

s-iTing 


«9) 


dfl 


where 


g(11.  K^)  -  J  ^  [k^  ♦  T1  -  (1  +  K^)  if] 


(70) 


31 


rurthermorttf  £qd*  (46)  and  (68)  yield  the  following  expreaslone  for  the 
thiokneas  parameter ,  the  drag  coefficient «  and  the  friction  parameters 

/g<i.  o 


^  -  g^(l,  Kj^)  [k^  g(l,  -  (1  +  Kj^)  h(K^)  +  3i(K^)]  (71) 

/g^(l,  K,) 

where 


h(Ki)  -  r  ^  [Kj^  +  -  (1  +  Kj^) 

Jo 

i(Kj^)  ^  [Kj^  +  T1  -  (1  +  Kj^) 

Jo 


-1/3 

rj  dll 

2T  -  1/5 

rj  dll 


EHmination  of  the  parameter  from  Eqs*  (69)  and  (71)  yields  functional 
relationships  of  the  form  (6^)  which  are  presented  in  Figs*  7  through  9 
and  are  valid  in  the  interval  0  < 

Bodies  of  class  II*  These  solutions  consist  of  a  spike  followed  by 
a  regular  shape  and  are  obtained  for  0  a:  5^  ^  1  and  ■  0.  After  the 
shape  of  the  optimun  bodyt  the  thickness  parameter,  the  drag  coefficient, 
and  the  friction  parameter  are  written  as 
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0  <  5  i  ?o  • 

■  0 

ff-l 

VI 

T)  -  1 

.3/2 


JJL 


172 


"  3(1-?^) 


(1  - 


(73) 


ellalaatlon  of  the  absclsaa  of  the  traneitlon  point  leads  to  functional 
relatlonahlpe  of  the  form  (65)  which  are  plotted  in  Figs*  7  through  9  and 
are  valid  in  the  interval  Notice  that*  as  the  friction  pa¬ 

rameter  increases*  the  transition  point  moves  baolcward* 


6,6*  Given  Diameter.  Length,  and  Volume 

If  the  diameter*  the  length*  and  the  volume  are  given  while  the  wetted 
area  is  free*  a  two-parameter  family  of  solutions  exists  and  includes  bodies 
belonging  to  eaoh  of  the  four  classes  defined  previously*  The  representa¬ 
tion  of  the  results  is  facilitated  if  one  defines  the  shape  parameter  and 
the  friction  parameter  as 


K. 


4Vt 


(74) 


and  observes  that  these  parameters  satisfy  the  conditions  (33)  and  (38-2) 
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Bodies  of  claee  I»  These  solutions  consist  of  a  regular  shape  only 
and  are  obtained  when  conditions  (3^-1)  are  satisfied.  Consequently*  the 
shape  of  the  optlnum  body  is  given  by 


g(71,  Kj) 

5  •  b(1,  i^,  i^J 


(75) 


where 


g(n,  K, 


K3) 


■i 


TT^(K^  + 


- 


(76) 


The  associated  drag  coefficient,  shape  parameter,  and  friction  parameter 
become 


Q 

-§  -  g^(l,  K^,  Kj)[K^g(l,  K^,  Kj)  -  Kjh(Kj^,  Kj)  +  31(14^,  IC3)] 
T 

h(Kj^,  K3) 

*^8  “  g(l,  Kj) 


(77) 


K,  -  g(l,  K^,  Kj) 


where 


h(K^*  ^  ^  ■  *3^] 

i(K^,  Ky)  ~  f  [>^1  ♦  ^ 


(78) 
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EUalnation  of  the  paraoeters  IC^  and  froa  Eqa*  (75)  and  (77)  jrialds 
functional  relationahlpa  of  the  forn 


D  •  T'(?i  Kgi  Kf)  . 


^79) 


which  aT9  plotted  in  flga*  10  through  13* 

Bodlea  of  claas  II.  Theae  aolutlona  conalat  of  a  nplke  followed  by  a 
regular  ahape  and  are  obtained  when  oondltiona  (34-2)  are  eatiafied*  After 
the  ahape  of  the  optismm  bodyi  the  drag  ooeffioientf  the  ahape  parameter, 
and  the  friction  parameter  are  written  aa 
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elimination  of  the  parametara  5^  and  Kj  yieldo  functional  reOmUonahipa  of 
tha  form  (79)  which  are  plotted  in  Flga*  10  throu^  19» 
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Bodiea  of  claee  Him  Thaet  solutlone  ooneist  of  a  rogular  ahapa 
followed  by  a  cylinder  and  are  obtained  when  conditiona  (54*3)  are  aatia* 
fled*  The  ahape  of  the  optlmua  body  la  given  by 
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where 
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Furthermore  9  the  drag  coefficient ,  the  ahape  parameter,  and  the  friction 
parameter  become 
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EUaination  of  tbo  paranotera  and  from  Eqa*  (8l)  and  (89)  yialdd 
functional  rolatlonahipa  of  tha  form  (79)  ^eh  ara  plotted  la  Flga*  10 
through  19* 

Bodlaa  of  claaa  IV«  Theao  aolutiona  oonalat  of  a  apiko  followed  hjr  • 
regular  ahape  followed  by  a  oy Under  and  are  obtained  when  oondltlona 
Ok-A)  are  aatisfled*  After  the  geometry  of  the  optimum  body,  the  drag 
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allmlaatloa  of  the  parametera  and  ?^  leada  to  functional  relatlonahlpa 
of  the  form  (79)  which  are  plotted  la  Figa*  10  through  15* 

jUjjdUngjiurT^.  Now  that  tha  relatlonahlpa  eoncemlng  the  geometry 
of  the  body,  the  drag  ooefflelent,  the  ahape  parameter,  and  the  friction 
parameter  have  been  derived.  It  la  uaeful  to  determine  the  ahape  panimeter> 
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friction  paranttar  region  In  which  the  equationa  governing  aaeh  claaa  of 
bodies  are  valid*  After  ainple  algebraic  manipulations «  the  parametric 
equationa  defining  the  limiting  curves  between  the  different  claasea  of 
bodies  are  given  by 
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whloh  !•  presonted  ia  Fig*  16*  Notiee  that  no  solution  of  olass  ZV  sxists  ^ 

for  <  3/2  and  no  solution  of  olass  I  oxists  for  X«  >  3/2*  Furthemors*  | 

no  solution  of  olass  III  ooours  for  K  <  9/20  and  no  solution  of  olass  II 

ooours  for  K  >  9/20*  ^ 
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?•  DISCUSSION  AND  CONCLUSIONS 

From  the  previous  analysisi  It  appears  that|  despite  the  generality 
of  the  present  problem |  the  method  of  solution  is  relatively  simple  and 
has  the  merit  of  leading  to  analytical  solutions  in  each  of  the  particular 
cases  considered  here*  The  main  comments  to  these  solutions  are  as  followst 

(a)  For  the  general  problem  in  which  the  wetted  area  is  free  and 
arbitrary  conditions  are  assigned  to  the  diameter,  the  length,  and  the 
volume,  the  totality  of  extremal  arcs  is  represented  by  a  two-parameter 
family  of  solutions  if  dimensionless  coordinates  are  employed,  that  is,  if 
the  abscissa  and  the  ordinate  are  normalized  with  respect  to  the  length 
and  the  radius*  Each  member  of  the  family  may  involve  at  most  two  corner 
points  and,  hence,  three  subarea*  Of  these  subarcs,  one  is  characterized 
by  a  positive  pressure  coefficient  and  is  called  the  regular  shape;  the 
other  two  are  characterized  by  a  zero  pressure  coefficient  and  are  called 
zero-slope  shapes*  Consequently,  four  classes  of  bodies  can  be  identified t 
(I)  bodies  composed  of  a  regular  shape  only,  (II)  bodies  composed  of  a  spike 
followed  by  a  regular  shape,  (III)  bodies  composed  of  a  regular  shape  followed 
by  a  cylinder,  and  (IV)  bodies  composed  of  a  spike  followed  by  a  regular 
shape  followed  by  a  cylinder* 

(b)  If  only  one  geometric  quantity  is  assigned  (the  diameter  or  the 
volume)  a  zero-parameter  family  of  solutions  exists  (that  is,  a  single  ciUTve)« 
In  all  cases,  the  solution  is  of  class  I,  that  is,  consists  of  a  regular 
shape  only.  In  particular,  if  the  diameter  is  given,  the  solution  is  a  cone 
whose  slope  is  such  that  the  friction  drag  is  2/3  of  the  total  drag,  (to 

the  other  hand,  if  the  volume  is  given,  the  contplements  of  the  ordinate  and 
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the  abaoieaa  obey  a  3/2-pover  law,  eind  the  thickneoe  ratio  of  the  optima 
body  is  such  that  the  friction  drag  is  8/9  oi  the  total  drag* 

(o)  If  two  geofflet3^ic  quantities  are  prescribed  (the  diameter  and  the 
lengthy  the  diameter  and  the  yoluaey  or  the  length  and  the  Tolume),  a  one« 
parameter  family  of  solutions  exists*  This  parameter,  called  the  friction 
parameter,  is  proportional  to  the  cubic  root  of  the  friction  coefficient 
and  is  indicative  of  the  relative  importance  of  the  friction  drag  with  re» 
speot  to  the  pressure  drag*  The  analysis  shows  that  two  distinct  behaviors 
are  possible  depending  on  whether  the  friction  parameter  is  subcritical 
(smaller  than  a  certain  critical  value)  or  supercritical  (larger  than  a 
certain  critical  value)*  If  the  diameter  and  the  length  or  the  length  and 
the  volume  are  given,  the  solution  is  of  class  I  for  subcritical  friction 
parauneters  and  class  II  for  supercritical  fjriction  parameters  with  the 
transition  point  from  the  spike  to  the  regular  shape  shiftizig  backwards  as 
the  friction  parameter  increases*  On  the  other  hand,  if  the  diameter  and 
the  volume  are  given,  the  solution  is  of  class  I  for  subcritical  friction 
parameters  aind  olass  III  for  supercritical  friction  paraaneters  with  the 
transition  point  from  the  regular  shaje  to  the  cylinder  shifting  forward 
as  the  friction  pairameter  increases* 

(d)  If  three  geometric  quantities  are  prescribed  (the  diameter,  the 
length,  and  the  volume),  a  two^parameter  family  of  solutions  exists*  These 
peurameters,  called  the  friction  and  shape  parameters,  determine  the  existence 
of  solutions  belonging  to  each  of  the  four  classes  defined  previously* 

In  closing,  it  is  worth  noting  that,  if  the  limiting  process  0 
is  carried  out,  the  present  solutions  reduce  to  the  invisoid  flow  solutions 
already  calculated  in  Refs*  1  and  2*  It  should  also  be  noted  that  some  of 
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th«  optlaum  shapes  obtained  in  the  analxsis  are  oonoaye;  consequentljt  these 
bodies  should  be  restudied  using  the  Newton-Busemann  pressure  ooeffioient 
law|  thiSf  howeyer,  requires  a  more  thorough  understanding  of  the  ftriction 
drag  associated  with  the  possible  presence  of  ftree  layers*  finally^  idien 
the  square  of  the  thiokness  ratio  becomes  nonnegligible  with  respect  to 
one,  the  slender  body  approximation  is  yiolatedf  consequently,  this  case 
should  be  reinvestigated  using  the  exact  Newtonian  expression  for  the 
pressure  coefficient,  that  is,  the  sine  square  law* 
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Fig.  1.  Optimum  shapes  for  given  diameter  and  given  volume. 
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Fig.  4.  Optimum  shapes  for  given  diameter  and  voiume. 
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Fig.  6.  Drag  coefficient  for  given  diameter  and  volume. 


Fig.  7.  Optimum  shapes  for  given  length  and  volume. 
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Fig.  9,  Drag  coefficient  for  given  length  and  volume. 
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Fig.  10.  Cptimum  shapes  for  given  diameter,  length,  and  volume. 
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Fig.  13.  Optimum  shapes  for  given  diameter,  length,  and  volume. 


I 


2.0 


1.5 

Kf 

1.0 


0.5 


0 


■ 

7 

m 

[ 

1 

il 

I 

d,Z,V= 

Given 

0  0.2  0.4  0.6  0.8  1.0 

K$ 


Fig.  16.  Limiting  curves  for  given  diameter,  length,  and  volume. 


